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Abstract— Linear nested codes, where two or more sub-
codes are nested in a global code, have been proposed as
candidates for reliable multi-terminal communication. In this
paper, we consider nested array-based spatially coupled LDPC
codes and propose a line-counting based optimization scheme for
minimizing the number of dominant absorbing sets in order to
improve its performance in the high signal-to-noise ratio regime.
The presented multi-step optimization process is applied first to
one of the nested codes, then an optimization of the remaining
nested codes is carried out based on these code constraints. We
also show that for certain code parameters, dominant absorbing
sets in the Tanner graphs of all nested codes can be completely
removed using our proposed optimization strategy.

1. INTRODUCTION

One application for linear nested codes is given by error
correction in wireless multi-terminal networks, where M mes-
sage sequences u; of length k;, i = 1,2,..., M, are encoded
separately and then are algebraically superimposed via bitwise
XOR at the physical layer prior to transmission [1], [2]. A
codeword corresponding to each message vector, x; € FJ,
belongs to a different nested sub-code %; generated via a
generator matrix G;. The transmitted codeword x is an element
of the global code %. The generator matrix G of the global
code is obtained by stacking all individual G; matrices [3].

Spatially coupled low density parity-check (SC-LDPC)
codes [4] are sparse graph codes that are known to ap-
proach the capacity of binary input memoryless channels
under belief propagation (BP) decoding [5]. SC-LDPC codes
are obtained by coupling, or connecting, multiple Tanner
graphs corresponding to an LDPC block code (LDPC-BC).
The Tanner graph of LDPC-BCs contain small sub-structures
called absorbing sets (ABSs) [6] that are known to cause
the BP decoder to fail. These failures are responsible for
the error-floor phenomenon, seen by a flattening of the bit
error rate (BER) performance curve in the high signal-to-noise
ratio (SNR) region. SC-LDPC codes have superior error floor
performance when compared to their BC counterpart, mainly
because spatial coupling breaks these harmful ABSs [7]. It is
well known that 6-cycles exist in the dominant ABSs of an
array-based (AB) SC-LDPC codes [8], [9], [10]. In our earlier
work [10], a line-counting based algorithm was proposed to
enumerate 6-cycles in AB-SC-LDPC codes, and thus can be
used to minimize harmful ABSs in the code’s Tanner graph.

In this paper, we propose an adapted line-counting (ALC)
technique to optimize the design of nested AB-SC-LDPC
codes. The objective of a finite length nested code design
is to ensure that each nested sub-code and the global code
have a small number of dominant ABSs in the Tanner graph
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when compared to the underlying LDPC-BC. Since the parity-
check matrices of different nested sub-codes partially overlap,
the null-spaces for these sub-codes intersect. Consequently, an
optimization of one nested sub-code affects other nested sub-
codes, and thus impose constraints on the optimization. Since
multiple design constraints must now be jointly satisfied, the
construction of nested LDPC-BCs for multi-terminal setting is
more challenging than the one for point-to-point LDPC-BCs.
In contrast to the line counting approach proposed in [10], the
presented ALC technique allows the enumeration of 6-cycles
in arbitrary column weight 3 sub-matrices in polynomial time,
facilitating a tractable nested code optimization. Note that the
construction of nested regular and irregular LDPC-BCs have
been considered in [3] and [11], respectively. However, to the
best of our knowledge, an extension to nested AB-SC-LDPC
codes has not been addressed in the open literature so far.

II. PRELIMINARIES
A. Protograph and Array-Based LDPC Codes

Let Gu = (VU C,E) denote the bipartite Tanner graph
corresponding to a parity-check matrix H € F}*", where
V = {vi,v,...,v,} is a set of n variable nodes (VNs),
C = {c1,¢2,...,cn} 1s a set of m check nodes (CNs), and
E is the set of edges connecting V to C. LDPC-BCs can
be designed based on a protograph [12], which is a small
Tanner graph consisting of p VNs and y CNs, p > vy, with
design rate R = 1 — % Let B = [B;;] represent the base
matrix corresponding to the Tanner graph of protograph Gg.
By applying a graph lifting procedure with lifting factor p,
that is by replacing each non-zero entry of B with a sum of
B; j pXx p non-overlapping permutation matrices, and each zero
entry with an all-zero matrix B; ; of size pX p, we can construct

a LDPC-BC parity-check matrix H € F}””". In the case of an
AB-LDPC-BC, B is a y x p all-ones matrix, p is prime, and
the permutations used in edge-spreading are specific shifted
identity matrices, also known as circulant matrices [13]. The
resulting block matrix structure of an (y,p) AB-LDPC-BC
parity-check matrix is represented as

I I I I

I a 0-2 cee O’pil

Hy.p)=|. . . : )

I ov! g20-D o vr-De-D

where the circulant o is obtained by circularly left-shifting
the non-zero entries of the identity matrix I by an amount
z mod p. Here, 0° = I, and each circulant has dimension pXp.
Each row (resp. column) of sub-matrices form a row (resp.
column) group. There are a total of p (resp. p*) column groups
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(resp. columns) and y (resp. yp) row groups (resp. rows) in
H(y, p). Note that y is also the column weight of H(y, p).

B. Array-Based Spatially Coupled LDPC Codes

A protograph approach to the construction of SC-LDPC
codes involves coupling L copies of the base Tanner graph Gg
via edge-spreading [14]. In terms of matrices, edge-spreading
is equivalent to splitting B into a sum of m + 1 matrices of
the same dimension as B, such that B=By+B; +--- + B,,,
where m denotes the memory of the code. Similar to the case
of LDPC-BCs, the parity-check matrizx of a terminated SC-
LDPC code H(y,p,L) € FJP**™ > is obtained by graph
lifting the terminated base matrix B,. In terms of AB-SC-
LDPC codes, the edge-spreading process splits H(y, p) into
a sum of m + 1 matrices of the same dimension as H(y, p),
yielding H(y, p) = Hy + H; +- - - + H,,, [8]. These matrices are
arranged as

H,
H,
H(y,p,L)=|: - Hol, (1)
H,, H,
H,|

where L is the number of column blocks of H(y, p,L) and
the code has a constraint length of (m + 1)p*. AB-SC-LDPC
matrices can be obtained from AB-LDPC-BC matrices via a
spreading matrix B,, € F;Xﬁ, where an entry f € {0,...,m} in
position (i, j) of this matrix indicates that the circulant block
(i, j) of H(y, p) is copied to its corresponding position in Hy
[8]. In the remainder of this paper, LDPC codes are considered
as AB only.

C. Nested Codes

A nested code consists of a group of M sub-codes %}, i =
1,2,...,M, M > 2, nested in a global code ¥ of rate k/n with
the property 4; C %. Nested codes are used to jointly encode
M different information vectors u; € IFS", k; < k, to generate an
overall codeword x € IF}, which is a linear combination of all
the codewords x; obtained from each of the sub-codes. Nested
codes can also be interpreted via the parity check matrices
H; € FV7"" and H € F,'""”"" corresponding to the codes €
and €, respectively, which form the null spaces of matrices
H; and H, respectively. Note that the matrices H;, for all i, and
H can be considered as (potentially overlapping) sub-matrices
of a larger H e IF”Z”X” matrix, where n — k; < m < n Vi and
n—k < m < n, respectively. The construction of H; and H
from H is discussed in detail in [3]. We refer to the column
weight w; (resp. w) of sub-code %; (resp. global code %) as
the column weight of its corresponding (regular) parity-check
matrix H; (resp. H).

D. Absorbing Sets
In the Tanner graph G of an LDPC code, let X € V and let
O(X) be the set of neighboring CNs of X with odd degree.

Definition 1 ([6]). For a > 0,b > 0, an (a,b) ABS set X
is a set of VNs with |X| = a, |O(X)| = b, and the property
that each VN in X has strictly fewer neighbors in O(X) than
in C\ O(X). An (a,b) ABS is a fully ABS if, additionally, all
nodes in V\X have strictly more neighbors in C\ O(X) than in
O(X). A minimal ABS refers to an ABS which has the smallest

possible existing value for a, in a given LDPC Tanner graph,
and where b is the smallest possible value for the given a.

Remark 1. For v = 3, an (3,3) ABS is the smallest ABS
existing in a column weight 3 AB-LDPC-BC [6] or AB-SC-
LDPC code [8]. The ABS contains a 6-cycle; therefore by
eliminating these cycles via spatial coupling, we also eliminate
all (3,3) ABSs from the Tanner graph of y =3 AB-SC-LDPC
codes [8], [10]. Fory =4, a (4,4) ABS is a minimal ABS in an
AB-LDPC code for p = 5,77; on the other hand, a (5,4) ABS is
a minimal ABS in an AB-LDPC-BC for the case 7 < p < 19;
a (6,4) ABS exists in an AB-LDPC-BC for p > 5, and it is a
minimal ABS for the case p > 19 [6].

E. Line-counting

We briefly review the line-counting method of [10] in the
following. Let ¢, € {0,...,y — 1} and s, € {0,...,p — 1}
denote the row group number, and the row number within
a particular row group of an AB-LDPC matrix, respectively.
Also, let jo €{0,...,p—1} and k, € {O,..., p — 1} represent
the column group number and the column number inside
a particular column group of an AB-LDPC matrix H(y, p).
Therefore, each row (resp. column) of an AB matrix is given
by r, = qp + s¢ (resp. ¢, = jep + k,). In this way, the
location of an entry of an AB matrix (7, c,) may be written as
(Gr» Sv; Josku), t, €, u,v € {1,2,3}. A 6-cycle spans three distinct
row and column groups of an AB matrix [10]. The columns
of a 6-cycle have indices cj, ¢y, c3 and they exist in distinct
column groups ji, j», j3, respectively. Similarly, the rows of
a 6-cycle have indices r, r, 3 and they exist in distinct row
groups qi, g2, q3, respectively.

In an column weight 3 AB-LDPC (sub) matrix, a region
R (or block cycle) consists of at least six (not necessarily
contiguous) circulant matrices spread across three row groups,
with one row group being a row group of I matrices only.
W.l.o.g, for any 6-cycle in R, we have the following [10]:

e o >cyp and wip < ¢; < wap, wip < ¢ < wyp, Where
wi, wa, w3, Wy are integers satisfying 0 < w; < p — 1,
l<wy<p-1L,w+1<wy<p,and w, +1 <wy <p.
In the case where ¢; and ¢, are associated with a row
group of I matrices, we obtain ¢, — ¢; = np, where n =
{1,...,W4—W1 - 1};

e ap < c3 < Bp, where o and S are integers satisfying
O0<a<p-1,1<B<p, and a <pB.

Note that even after spatial coupling, the location of circulant
matrices in R can be described by their corresponding posi-
tions in the block matrix H(y, p, L). The range of c3 in R can
also be expressed using ¢y, ¢ as [10]

2~ T2t 2 72 2 @
PP—Bp<cr—2c <p*—ap, or —Bp<c,—2c <—ap.

A 6-cycle with columns ¢; and ¢, exists in R if an integer
point on the line ¢, — ¢; = np in the (cy, ¢z) plane lies within
the boundaries described by the line inequalities in (2). Hence,
the number of 6-cycles in R is determined by the number of
integer pairs (ci, cz) on the line ¢, — ¢; = np enclosed within
these boundaries [10].
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III. Nestep AB-SC-LDPC Cobgs

A. Example Construction with M = 2

We begin with an example of an M = 2 nested AB code
construction to demonstrate our approach, although generaliza-
tion to larger M can be achieved in a similar fashion. Consider
H=H(, p) with corresponding parity-check matrix

I I | I

I o o oP!
HG,p) =1 o2 o i

1 o3¢ o o3P

I ¢ ¢ ... oD

We can form nested AB-LDPC-BC sub-codes %), %>, and
% from sub-matrices H;(4, p), H,(4, p), and H(3, p), respec-
tively, where the matrices are comprised of the first four
(black and blue), first three and fifth (black and red), and first
three (black only) row groups of H(5, p), respectively. Given
a global AB nested code of column weight 3 (e.g., H(3, p)), it
follows from the array structure [13] that there are y — w; + 1,
vy = 5, possible sub-codes ; with column weight w; > 4. Note
that the design rate R; = 1 — % of % decreases with w;. As a
result, constructing high rate nested codes with large w; also
requires a relatively large p compared to a nested code with
smaller w;. In turn, this also makes each sub-code optimization
more computationally intensive as M increases.

Nested AB-SC-LDPC matrices can be constructed in a
similar way, with parity-check matrices denoted as H;(4, p, L)
and H(Q3,p,L) obtained by edge- spreadmg H,(4 p) and
H(3, p) via spreading matrices B;,, € Fm - 1€ {1,2}, and

B, € ]F":1 fl, respectively. Note that since the codes are
nested, B,, is a sub-matrix of B;,,. For the case M = 2, the
optimization of nested AB-SC-LDPC codes can be performed

in two ways:

Method 1: First, optimize B,, to construct H(3, p, L) from
H(3, p). Then optimize the last row of Bj, (resp. By,)
by incorporating the constraints given by B,, to construct
H;(4, p, L) from H (4, p) (resp. Hy(4, p, L) from H,(4, p)).

Method 2: First, optimize one of the B;,, matrices to construct
H;4, p,L) from H;(4, p) and then by using the constraints,
optimize the remaining parity-check matrix. For example, we
may first optimize the B, matrix to construct H;(4, p,L)
from H;(4, p) and optimize the last row of B,,, to construct
H,(4, p, L) from H,(4, p).

B. Terminal Lift

To simplify our code search for good nested code designs,
we choose to apply an (additional) circulant-based terminal
lift with lifting factor J. This results in quasi-cyclic LDPC-
BCs (QC-LDPC-BCs) and QC-SC-LDPC codes. QC codes
are well known to facilitate hardware implementation [4].
The parity-check matrices obtained by applying a terminal lift
to H;(4, p, L) and HQ3, p,L) are denoted as H;(4,p,L,J) €
Fézlpl(L+m)><JLp i = 1 2 and H(3 p,L J) c F3pJ(L+m)><./Lp
respectively. A termmal lift serves two purposes: ﬁrstly it helps
us generate sufficiently long nested codes to achieve good
performance for typical applications, and secondly, we are able
to further reduce the multiplicity of, or even eliminate, any
residual ABSs in the nested Tanner graphs of H;(4, p, L) and
H(3, p, L) that remain after the edge-spreading construction.

C. 6-cycles and (6,4) ABSs in AB-LDPC Codes

We now state some useful results on dominant objects of
AB-SC-LDPC codes.

Lemma 1. For a = 4,5,6, an (a,4) ABS in an AB-LDPC
code with parity-check matrix H(4, p) and an AB-SC-LDPC
code with parity-check matrix H(4, p, L) contains at least one
6-cycle.

The proof is omitted due to space constraints.

Remark 2. From Lemma 1 we deduce that by eliminating
all 6-cycles via spatial coupling, we can also eliminate all
(a,4) ABSs from the Tanner graph of column weight 4 nested
AB-SC-LDPC codes, where a = 4,5, 6.

Note that a 6-cycle in an AB parity-check matrix spans 3 row
groups [8] and it spans at most m+1 contiguous column blocks
of (I). Let we, £ =1,...,m+ 1, represent the total number of
6-cycles present in precisely ¢ contiguous column blocks of
(1) and let u be the total number of 6-cycles in H(y, p, L).
From the repeated structure of H(y, p, L) it follows that the
total number of 6-cycles in H(y, p, L) is u = Zm“(L £+ Dy
[8].

D. Adapted Line Counting

The line-counting method discussed in Section II-E is
restricted to the enumeration of 6-cycles in H(3, p, L) only,
i.e., row groups 0,1, and 2. To overcome this shortcoming,
we propose an adapted line-counting (ALC) method that
is generalized to enumerate 6-cycles from other row group
triples of the larger parity-check matrix H. By constrained
optimization of the entries of B;,, and B,, matrices via ALC,
we can obtain H;(4, p, L) and H(3, p, L) matrices, respectively,
whose Tanner graphs contain as few (6,4) and (3,3) ABSs as
possible, respectively. The conventional cycle counting method
discussed in [15] has complexity O(gE?/p) = O(gy?p?), where
g is the girth and E = yp? is the number of edges in the graph,
respectively. In comparison, ALC has complexity O(p*) and
hence is more desirable for the optimization of nested codes.

1) ALC Based Optimization for M = 2: We consider
the three column weight 3 sub-matrices of H;(4, p) denoted
as H?(3,p), z = 1,2,3, where H'(3, p), H( (3, p), and
H(3)(3 p) consist of row groups (0, 1,2), (0,2,3), and (0, 1,3)
of H;(4, p), respectively. Let HEZ)(3, p,L) € F;p LAmXLP* o o
SC-LDPC matrix obtained by edge-spreading HEZ)(3, p) via a

: ’ 3xXp . . )
sub-matrix B; € F 7 of the spreading matrix B, ,, whose

row indices correspond to the row group indices of HEZ)(3, D).
For example, if z = 2 then Bl’.,m is comprised of rows (0,2, 3)
of B,‘ym.

With ALC (details to follow in Section III-D2), 6-cycles
can be enumerated for any of the HEZ)(3, p, L) matrices. The
global code can be optimized by searching over the set
of edge-spreading matrices B for H(l)(S p,L) (any i) via
numerical optimization [10], Where the number of 6- -cycles
is the optimization criteria, evaluated by ALC. To optimize
H;4, p, L), we pick z1,z> € {0, 1,2}, z; # z», and first optimize
HEZ‘)(3, p,L). Two row groups of Hf.“)(3, p, L) are now fixed

Note that there is one more row group, namely (1,2,3). However it is
sufficient to examine only the three groups described above since they are
sufficient to form the parity-check matrices of all the nested codes.
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and we minimize the number of 6-cycles in Hl(.ZZ)(3, p,L) by
determining the edge-spreading for the remaining (unfixed)
row group of z,. In general, this approach can be repeated as
many times as necessary to sequentially optimize the edge-
spreading matrices row group by row group.

2) Description for ALC: Recall from Section II-E that R is
contained in a column weight 3 sub-matrix of an AB parity-
check matrix, and c, ¢;, c3 are the column indices of a 6-cycle
in R.

Lemma 2. For ALC, the range of c3 in R can be expressed
via ¢; and ¢y as

) 2
(l—ﬁ)cntwlli <o-L <(1—ﬂ)ﬂp+ﬁi’ 3
q2 q> q2 q2 q2
where ¢c; > ci, A€{2-2p,....2p -2}, q2,q3 €{1,...,p—1}
and q; # q3.

Sketch of Proof. Recall that a circulant matrix o/ in an
AB code has its non-zero elements located at (s;, k,), where
s = q.je +k, mod p. W.lLo.g., let row groups ¢, and g3 of an
AB matrix consist of 0%/¢ and g%/ circulant matrices, respec-
tively, where ¢, # ¢g3. The edges corresponding to (7, c3) and
(r2, c2) both exist in row s,. Hence, from the value of s, we
obtain the relation g jo+k> = ¢ j3+ks mod p. Similarly, from
the value of s3 we may obtain g3j; + k, = g3j3 + k3 mod p.
As a result, from the values of s, and s; we obtain relations
ks—ky = q2jo—q2j3 —ip and k3 — ks = q3j1 —q3j3 — A2p, re-
spectively, where 41, 4, € {l—p,..., p—1}. Since the left hand
sides of both of these relations are identical, we can equate
the right hand side expressions, and after rearranging, we get
jo = PEBIZ where A = Ay = Ay, A € {2-2p,...,2p —2).
Finally, %y invoking the inequality @ < j3 < 8 —1 and by
taking into account the corresponding 6-cycle column value
c3 as a function of ¢; and ¢,, we obtain (3). O

Note that (2) is a special case of (3) because, for parameters
(A, 92,q3) taking on the values (0,2,1), (1,2,1), (1,1,2),
and (0,1,2), we recover the first, second, third, and fourth
inequality in (2), respectively. Based on the principles of
Cartesian geometry, the total number of 6-cycles in R for a
given A, N, can be derived using the method discussed in
[10]. Eventually, the total number of 6-cycles obtained via
ALC in a AB parity-check matrix region R is given by >, Nar
with computational complexity O(p?).

IV. AB-SC-LDPC Nestep Cobe OPTIMIZATION PROCEDURE

In this section, we outline the strategy for optimizing the
AB-SC-LDPC nested codes for M = 2. First, a numerical
optimization scheme is employed to determine the entries of
the edge-spreading matrices B;,, and B, to construct parity-
check matrices H;(4, p, L) and H(3, p, L) from H;(4, p) and
H(3, p), respectively. ALC is used in each optimization step
for computing the number of 6-cycles in the underlying AB-
SC-LDPC parity-check matrices. Finally, a terminal lift is
applied to further reduce residual ABSs in the Tanner graphs
of optimized H;(4, p, L) and H(3, p, L) matrices.

A. Step 1: ALC Based Optimization

We outline the approach of Method 1 to first optimize
H@3, p,L), and then optimize H;(4, p, L) based on the con-
straints given by H(3, p, L).

« Inputs to the ALC based optimization algorithm are the

H(3, p) matrix and the empty B,, matrix. The optimization

algorithm is allowed to run until either the number of 6-
cycles in H(3, p, L) obtained in an optimization iteration
is 0, or until the number of optimization iterations exceed
a predetermined threshold 1,,,x, whichever occurs first. At
the end of this step, we obtain B,,, and the spreading for
row groups (0, 1,2) are fixed.

o For a given i, inputs to the ALC based optimization
algorithm are ng)(3, p) and matrix B}, which will form
rows (0,2,3) of B;,. Note that the first two rows of
B;,, are initialized with rows {0, 2} of B,,, whereas the
last row of B;, is empty and will be determined in this
step. The optimization algorithm is now allowed to run
until either all the 6-cycles in HEZ)(3, p, L), obtained by

edge-spreading HEZ)(3, p) using B’ are eliminated or the

i,m’
number of optimization iteration exceed a threshold Ir(:l;x,
whichever occurs first. At the end of this step, we obtain
the complete B, matrix. The procedure is then repeated
for the other sub-code i.

o The H;(4, p, L) and H(3, p, L) matrices are now obtained
by edge-spreading according to B;,,.

Method 2 largely follows the approach in Method 1, but here

H;(4, p, L) is optimized first (as described in Section III-A).

The details are omitted due to space constraints.

B. Step 2: Terminal Lift

The terminal lifted matrices H;(4, p,L,J), i = 1,2, and
H@3, p,L,J) may now be obtained by lifting the non-zero
(resp. zero) entries of H;(4, p, L) and H(3, p, L) via randomly
generated circulant (resp. all-zero) matrices of size J X J,
respectively. The goal of the terminal lift is to break any
remaining 6-cycles in the Tanner graphs of H;(4, p,L) and
H(3, p, L). In this paper, we used a straightforward approach to
randomly select circulants for m+ 1 contiguous column blocks
of (1) for H;(4, p, L, J) until either all 6-cycles were eliminated
or a maximum time duration elapsed. These permutations
were repeated periodically to form the complete H,(4, p, L, J)
matrix (where four of the five row groups are fixed). Note that
the global code is now fixed. We complete the construction
by selecting circulants to optimize the fifth row group. The
optimized QC-SC-LDPC nested codes %), 6>, and € are now
obtained as the null spaces of H(4, p, L, J), Hy(4, p, L, J), and
H@, p, L, J), respectively.

V. NuMERIcAL RESULTS

We now demonstrate the effectiveness of the procedure
outlined in Section IV by providing 6-cycle enumeration
results for H(3, p, L) and H;(4,p,L), i = 1,2, for syndrome
former memories m = 1,2. We begin with the ALC based op-
timization described in Section IV-A, i.e., the following results
are obtained before applying a terminal lift. As a benchmark
for comparing our optimization results we also enumerate 6-
cycles in the matrix H,,.(3, p, L) (resp. H; ,,(4, p, L)), which
is a block diagonal matrix in the form of (1) with m = 0 (an
uncoupled or non-optimized matrix) containing L diagonally
placed blocks of H(3, p) (resp. H;(4, p)) AB-LDPC-BC parity-
check matrices. Note from Section III-C that it is sufficient to
enumerate the quantities py,un (resp. pi, Mz, H3) in order to
determine the total number of 6-cycles u in an entire AB-SC-
LDPC matrix with m = 1 (resp. m = 2) for an arbitrary L. Also,
note that for the uncoupled matrices, it is sufficient to only
compute y; since 6-cycles can only span a single column block
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of (1), then g = 1y L. For Hye(3, p) (resp. Hize(4, p), i = 1,2),
the values of g are 300, 882, and 3630 (resp. 1200, 3528, and
14520) for p = 5.7, and 11, respectively. The enumeration
results in Table I and II provide results for nested AB-SC-
LDPC matrices constructed based on ALC based optimization
Methods 1 and 2, respectively. For all tables, plain text
corresponds to m = 1 and bold font corresponds to m = 2.
Finally, the results in Table III present the average values of
p1,pt2, and gz for randomly generated (non-optimized) AB-
SC-LDPC nested matrices, where randomly generated B,, and
B; matrices were selected.

P Hi3, p. L) Hi4.p. L) H:(4, p.L}
pn, ez ), Gue, iz, prad pn, ez ), Guen, iz, prad (pen. gez), Cpen, pez, s
5 {0, 0, (0, 0y (30, 40, (20,0, 0) (40,500, (0,0, 10}

T | (& IR0, | o0, 610 (25, 63, 39
TT | (22,09).(0,0,07 | (307, 7371, (128, 187, 275)

TABLE I: Values of uy, s, g obtained for different nested SC-
LDPC matrices using Method 1.

(133, 196}, (4, 41 58}
(374,835}, {77, 143, I53)

P H3. p. 1) H,id p L7 H;id, p.I)
(g, pia). ey, piy. pt3) ey, 3, (pty. piy, 13} (g g ), Uty foy, i)
5 (5, 10, (0, 0, 0) {70, 50, (0, 0, 1) (35, 55), (0,0, 0)
T (14,71, 10,0, I8} (34, 84), (0,7, 63) . (21,35,
11 | (44,176),(0, 33, 55) | (220, 770), (55, 110, 143) | {319, 792), (44, 253 I75)

TABLE II: Values of u, s, p; obtained for different nested SC-
LDPC matrices using Method 2.

[ L AN

(rnpea) g, o s} (o pz), ger, oz 3} (prn ) A oz, pasd
(6,67, 6. TLI5, 10,171 i

33,3, 0340, (10417149 | (35, 800, (20, 36,7, 11.6)
T3 WAL S T | (2L 0, 65 110,40 | (135, 2000, (40 125 51}
(132, 2710, 155, 66, B4) | (587, 9800 (169, 300, 278} | (513, 1046}, (191333, 2071

TABLE III: Average values of u,ps, g obtained for randomly
generated nested AB-SC-LDPC matrices.

Hid p L] Wi p. 10

3
7
T

The resulis show that the uncoupled matrices contain a
large number of 6-cycles (and hence dominant ABSs). By
comparing the results in Tables I and II, we notice that, as
expected, spatial coupling is able to significantly reduce the
number of dominant ABSs. Further, Method 1 results in a
lower multiplicity for the global SC-LDPC matrix H(3, p, L),
but in a generally higher multiplicity for the nested SC-LDPC
matrices. Method 2, on the other hand, shows the opposite
behavior - a reduced multiplicity for the nested codes, but a
relatively higher multiplicity for the global code. From Table
II, we also note that for p = 5 there are no 6-cycles present
in either column weight 3 or column weight 4 nested codes,
which, by invoking Remarks 1 and 2, implies the absence
of (3,3) and (4,4) ABSs, respectively. From Table III we
observe that randomly generated nested SC-LDPC matrices
contain a significantly larger number of 6-cycles (and hence
dominant ABSs) when compared to nested AB-SC-LDPC
matrices obtained via ALC based optimization.

For m = 2, Fig. 1 shows the number of 6-cycles versus the
coupling length L for nested AB-SC-LDPC matrices H(3, p, L)
and H,(4, p, L), respectively, obtained via Method 1, Method
2, and a random generation. We again observe that randomly
generated nested AB-SC-LDPC matrices contain more 6
cycles (and hence more dominant ABSs) in both column
weight 3 and column weight 4 cases compared to nested
matrices obtained via Method 1 or 2.

To conclude, we note that by applying the terminal lift
described in Section IV-B, even for small J, it is possible
to significantly reduce, or even eliminate dominant ABSs. For

w10

0 Method 1, giobal coda
# Method 2. gicbal code
<] Random, global code O
+ Method 1, subcode &
211 £ Method 2, sub-code & 1
"+ Random, sub-code O

25

tn
<
L

Number of B-oycles
O
O
<
+
+
+

Fig. 1: Total number of 6-cycles versus L for global code comespond-
ing to H(3, p,L) and sub-code corresponding to Hy(4, p, L) form =2
and p = 7. The number of 6-cycles in the global code obtained via
Method 1 is zero.

example, with p=57, m= 1,2, and p=11,m =2, and a
lifting factor of only J = 5, we are able to completely eliminate
all 6-cycles. This means that any (3,3), (4.4), (5.4) and (6, 4)
ABSs are broken afier a terminal lift of the AB-SC-LDPC
nested codes given in Tables I and IL
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